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Abstract. We prove that any weakly triholomorphic map from a compact hyperka¨hler
surface to an algebraic K3 surface defined by a homogeneous polynomial of degree 4 in
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1 Introduction
Triholomorphic maps between hyperka¨hler manifolds arose from the study of higher di-
mensional gauge theory ([5],[9]). Weakly triholomorphic maps and their regularity were
first studied in [6] and [12].
Recall that a hyperka¨hler manifold is a Riemannian manifold (M,g) with three parallel
complex structures
{
J1, J2, J3
}
compatible with the metric g such that (J1)2 = (J2)2 =
(J3)2 = J1J2J3 = −id. A hyperka¨hler manifold is of dimension 4m and has a natural
S2-family of complex structures, which is called hyperka¨hler S2. The simplest hyperka¨hler
manifold is the Euclidean space R4m. It is well-known that the only compact hyperka¨hler
manifolds of dimension 4 are K3 surfaces and complex tori.
A weakly triholomorphic map between two hyperka¨hler manifolds (M, I1, I2, I3) and
(N,J1, J2, J3) is a W 1,2-map u : Ω ⊂ M → N whose restriction to any ball B ⊂ Ω is a
limit of smooth maps from B to N in the W 1,2-topology and which satisfies
du = aijJ
j ◦ du ◦ Ii, (1.1)
where A = (aij)1≤i,j≤3 ∈ SO(3) is a constant matrix which is a stationary harmonic map
(c.f. [6]).
An interesting question is to analyze the structure of the singularity of a weakly tri-
holomorphic map. This question has been explored in [6].
Note u is smooth outside a closed subset Singu defined by
Singu =
{
x ∈ Ω | lim
r→0
r2−4m
∫
B(x,r)
|∇u|2 ≥ ǫ
}
,
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where ǫ is the constant given by the ǫ-regularity of Bethuel ([4]).
By Bethuel’s theorem, the singular set Singu has vanishing (4m−2)-dimensional Haus-
dorff measure. In fact, it is expected that Singu has Hausdorff codimension at least three
or possibly four ([2],[15]) in some cases.
Let φ : S2 → N be a smooth map. A map u : R4 → N is defined by
u(x, x4) = φ(
x
|x| ) for any x ∈ R
3\{0}.
Obviously u is a map of homogeneous degree zero with 1-dimensional singular set. From
(1.1) we know that u : R4 → N is a triholomorphic map with the x4-axis as its singular
set if and only if the corresponding map φ satisfies
dφ ◦ JS2 = −aijxjJ i ◦ dφ, (1.2)
where A = (aij)1≤i,j≤3 ∈ SO(3) is a constant matrix, and JS2 is the standard complex
structure on S2. Such a smooth map φ is called in [6] a holomorphic S2 with respect to a
complex structure in the hyperka¨hler S2 of N . Chen and Li ([6]) prove that if N does not
admit a holomorphic S2 with respect to a complex structure in the hyperka¨hler S2 of N ,
then the singular set of a weakly triholomorphic map from M to N is of codimension 4.
The only known nontrivial example of φ satisfying (1.2) is constructed in the case
of a non-compact target [7]. In the monograph [1], Atiyah and Hitchin considered the
space M02 of centered 2-monopoles on R
3 with finite action. It is a complete hyperka¨hler
manifold of dimension 4. SO(3) acts on M02 isometrically and this action lifts to a double
covering M˜02 , which is also a complete hyperka¨hler manifold of dimension 4. In [7], Chen
and Li showed that there does exist a nontrivial map φ from S2 to M˜02 such that the
extended map u from φ is a triholomorphic map from R4 to M˜02 with the entire x
4-axis as
singular set.
In this paper, we will focus on the case of compact target. Assume N is an algebraic
K3 surface defined by a homogeneous polynomial of degree 4 in CP 3. It is a nonsingular
quartic in CP 3. For convenience, we call it quartic K3 surface denoted by X. It is a
compact hyperka¨hler manifold of dimension 4, i.e. a hyperka¨hler surface. A particularly
interesting special case is the Fermat quartic F ⊂ CP 3 defined by the equation
x40 + x
4
1 + x
4
2 + x
4
3 = 0,
where [(x0, x1, x2, x3)] ∈ CP 3.
Looking at the map
h : C2(= R4)→ F
(z1, z2) 7→ [z1, e
pi
4
iz1, z2, e
pi
4
iz2], (1.3)
which is holomorphic, naturally triholomorphic and singular at the origin, one has to
expect at most any weakly triholomorphic map into K3 surface has isolated singularities.
Through proving that the quartic K3 surface does not admit a holomorphic S2 with
respect to a complex structure in the hyperka¨hler S2, we obtain our main result as follows
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Theorem 1.1 Any weakly triholomorphic map from a compact hyperka¨hler surface to a
quartic K3 surface defined by a homogeneous polynomial of degree 4 in CP 3 has only
isolated singularities.
Our bound of the size of the singular set, in view of the example (1.3), is clearly
optimal. It is reasonable to expect this result to be extendable to any compact target.
Generally, our result supports the expectation that Singu has Hausdorff codimension four
in the case of a compact target.
2 Quartic K3 surface
Let X be a nonsingular quartic surface given by a homogeneous polynomial of degree 4
in CP 3. Let xi, 0 ≤ i ≤ 3 be homogeneous coordinates of the complex projective space
CP 3. Let f(x0, x1, x2, x3) be a homogeneous polynomial of degree 4 in CP
3, i.e.
f(tx0, tx1, tx2, tx3) = t
4f(x0, x1, x2, x3),
for all t ∈ C.
Then
X =
{
[(x0, x1, x2, x3)] ∈ CP 3 | f(x0, x1, x2, x3) = 0
}
.
It is well-known that X is K3 and every K3 surface is hyperka¨hlerian (recall that a
manifold is hyperka¨hlerian if it admits a hyperka¨hler metric) (c.f. [3],[10],[14]).
Set Ui =
{
[(x0, x1, x2, x3)] ∈ CP 3 | xi 6= 0
}
and U˜i = X ∩ Ui (i = 0, 1, 2, 3). Then⋃3
i=0 U˜i is an open covering of X. Let zi =
xi
x0
, i = 1, 2, 3. Then z = (z1, z2, z3) form
natural holomorphic coordinates on U0(∼= C3). On U˜0, denote
f(1, z1, z2, z3) =
1
x40
f(x0, x1, x2, x3), fzi =
∂f(1, z1, z2, z3)
∂zi
. (2.1)
Then,
f(1, z1, z2, z3) = 0 on U˜0. (2.2)
Applying the exterior differential d to (2.2), we obtain
fz1dz1 + fz2dz2 + fz3dz3 = 0 on U˜0, (2.3)
which implies
fz1dz1 ∧ dz2 = fz3dz2 ∧ dz3 and fz1dz1 ∧ dz3 = −fz2dz2 ∧ dz3 on U˜0. (2.4)
Define a 2-form Ω0 on U˜0 as follows:
Ω0 |V1=
dz2 ∧ dz3
fz1
, Ω0 |V2=
dz3 ∧ dz1
fz2
, Ω0 |V3=
dz1 ∧ dz2
fz3
, (2.5)
where Vi = U˜0 ∩
{
z ∈ U˜0 | fzi 6= 0
}
, (i = 1, 2, 3). Here Ω0 |Vi means the restriction of the
2-form Ω0 to the open subset Vi.
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Since X is non-singular, we have U˜0 = V1 ∪ V2 ∪ V3. Then Ω0 is well-defined on U˜0.
From (2.4) we know
d(Ω0 |V1) = d(Ω0 |V2) = d(Ω0 |V3) = 0. (2.6)
Therefore, Ω0 is a holomorphic symplectic form on U˜0.
On U˜1, let yi =
xi
x1
for i = 0, 2, 3. Then
f(y0, 1, y2, y3) =
1
x41
f(x0, x1, x2, x3). (2.7)
Define a 2-form Ω1 on U˜1 as follows:
Ω1 |A0=
dy3 ∧ dy2
fy0
, Ω1 |A2=
dy0 ∧ dy3
fy2
, Ω1 |A3=
dy2 ∧ dy0
fy3
, (2.8)
where Ai = U˜1 ∩
{
z ∈ U˜1 | fyi 6= 0
}
, (i = 0, 2, 3).
On U˜2, let wi =
xi
x2
for i = 0, 1, 3. Then
f(w0, w1, 1, w3) =
1
x42
f(x0, x1, x2, x3). (2.9)
Define a 2-form Ω2 on U˜2 as follows:
Ω2 |B0=
dw1 ∧ dw3
fw0
, Ω2 |B1=
dw3 ∧ dw0
fw1
, Ω2 |B3=
dw0 ∧ dw1
fw3
, (2.10)
where Bi = U˜2 ∩
{
z ∈ U˜2 | fwi 6= 0
}
, (i = 0, 1, 3).
On U˜3, let vi =
xi
x3
for i = 0, 1, 2. Then
f(v0, v1, v2, 1) =
1
x43
f(x0, x1, x2, x3). (2.11)
Define a 2-form Ω3 on U˜3 as follows:
Ω3 |C0=
dv2 ∧ dv1
fv0
, Ω3 |C1=
dv0 ∧ dv2
fv1
, Ω3 |C2=
dv1 ∧ dv0
fv2
, (2.12)
where Ci = U˜3 ∩
{
z ∈ U˜3 | fwi 6= 0
}
, (i = 0, 1, 2).
Define a form Ω on X such that
Ω |
U˜i
= Ωi. (2.13)
Then we claim that Ω is a well-defined holomorphic symplectic form on X. In fact, on
U˜0 ∩ U˜1, we know 
y0 =
x0
x1
= 1
z1
y2 =
x2
x1
= z2
z1
y3 =
x3
x1
= z3
z1

z1 =
1
y0
z2 =
y2
y0
z3 =
y3
y0
dy2 =
z1dz2−z2dz1
z2
1
dy3 =
z1dz3−z3dz1
z2
1
,
(2.14)
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and
f(y) = y40f(z), (2.15)
which implies
− z31fy0 = z1fz1 + z2fz2 + z3fz3 . (2.16)
Assume V1 ∩A0
(
⊂ U˜0 ∩ U˜1
)
6= ∅. Thus,
Ω1 |V1∩A0 =
dy3 ∧ dy2
fy0
=
z1dz3 ∧ dz2 − z2dz3 ∧ dz1 − z3dz1 ∧ dz2
z31fy0
= −z1fz1 + z2fz2 + z3fz3
z31fy0
· dz2 ∧ dz3
fz1
=
dz2 ∧ dz3
fz1
= Ω0 |V1∩A0 . (2.17)
As the same way, we can also check the other cases.
For each point z = (z1, z2, z3) ∈ V1 ⊂ U˜0, the tangent space of X is as follows,
TzX =
{
a1
∂
∂z1
+ a2
∂
∂z2
+ a3
∂
∂z3
∈ TzCP 3
∣∣a1fz1 + a2fz2 + a3fz3 = 0, a1, a2, a3 ∈ C}
=
{
(a1, a2, a3) ∈ TzCP 3
∣∣a1 = −fz2
fz1
a2 − fz3
fz1
a3, a1, a2, a3 ∈ C
}
=
{
a2
(
−fz2
fz1
, 1, 0
)
+ a3
(
−fz3
fz1
, 0, 1
) ∣∣a2, a3 ∈ C}
= spanC {V1, V2} , (2.18)
where V1 =
(
− fz2
fz1
, 1, 0
)
, V2 =
(
− fz3
fz1
, 0, 1
)
.
Thus the corresponding cotangent space of X is (TzX)
∗ = spanC
{
ϕ1, ϕ2
}
, where ϕ1 =
−
(
fz2
fz1
)
αdz1 + (1−
∣∣∣fz2fz1 ∣∣∣2 α)dz2 − (fz2fz1 )fz3fz1 αdz3 and ϕ2 = −(fz3fz1 )αdz1 − fz2fz1 (fz3fz1 )αdz2 +
(1−
∣∣∣fz3fz1 ∣∣∣2 α)dz3 with α = 1/
(
1 +
∣∣∣fz2fz1 ∣∣∣2 + ∣∣∣ fz3fz1 ∣∣∣2
)
, satisfying ϕi(Vj) = δij .
Then it follows from [13] that
Theorem 2.1 Let X be a quartic K3 surface defined by a homogeneous polynomial f of
degree 4 in CP 3. Then any hyperka¨hler metrics h on the complex manifold X can be
locally written down as follows.
For each z = (z1, z2, z3) ∈ V1 ⊂ U˜0 ⊂ X, let S = |fz1 |
2+|fz2 |2+|fz3 |2
|fz1 |2
and fz1 = |fz1 |eiθ1 .
Then we have
h = 2Re
2∑
i,j=1
hijϕ
iϕj,
5
with 
h11¯ =
ρS
2|fz1 |λ
h12¯ = − ρS2|fz1 |τe
iθ1
h21¯ = h12¯
h22¯ =
ρS
2|fz1 |µ
for some positive constant ρ and some positive real-valued functions λ, µ and complex-
valued function τ on V1 satisfying the following conditions:
λµ = |τ |2 + 1.
Moreover, the corresponding hyperka¨hler structure {J1, J2, J3} which is compatible with
the metric h is as follows.
J1V1 =
√−1V1, J1V2 =
√−1V2,
J2V1 = τV 1 + λe
−iθ1V 2, J2V2 = −µe−iθ1V 1 − τe−2iθ1V 2,
J3 = J1J2.
(2.19)
3 Proof of main theorem
At first, we give three important lemmas which will be applied in the proof of main
theorem.
Lemma 3.1 ([6]) Let M be a compact hyperka¨hler surface and let N be a compact hy-
perka¨hler manifold. If N does not admit holomorphic S2 with respect to a complex structure
in the hyperka¨hler S2, and u :M → N is a weakly (stationary) triholomorphic map, then
it is smooth outside of a finite set of points.
Lemma 3.2 (Be´zout’s theorem [11]) If C and D are two projective curves of degrees
n and m in CP 2 which have no common component then they have precisely nm points of
intersection counting multiplicities.
Lemma 3.3 Let φ : Σ → N be a smooth isometric immersion from an oriented surface
Σ to a 4-dim hyperka¨hler manifold N . Assume h is the hyperka¨hler metric on N and{
J1, J2, J3
}
are three parallel complex structures compatible with the metric h. Let αp (p =
1, 2, 3) be three corresponding Ka¨hler angles of Σ in N . Then we have
cos2 α1 + cos
2 α2 + cos
2 α3 = 1. (3.1)
Proof: Fix x ∈ Σ. We choose the local frame of Σ around x {e1, e2, e3, e4} such that
{e1, e2} is the frame of the tangent bundle TΣ and {e3, e4} is the frame of the normal
bundle (TΣ)⊥. The Ka¨hler angle αp of Σ in N is defined by
cosαp = ωJp(e1, e2) = 〈Jpe1, e2〉.
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We choose suitable {e3, e4} such that the complex structure J1 has the following form
J1 =

0 cosα1 sinα1 0
− cosα1 0 0 − sinα1
− sinα1 0 0 cosα1
0 sinα1 − cosα1 0
 . (3.2)
Let J2, J3 be the following form respectively
J2 =

0 cosα2 b13 b14
− cosα2 0 b23 b24
−b13 −b23 0 b34
−b14 −b24 −b34 0
 , J3 =

0 cosα3 c13 c14
− cosα3 0 c23 c24
−c13 −c23 0 c34
−c14 −c24 −c34 0
 . (3.3)
Assume sinα1 6= 0. Since J3 = J1J2, then from (3.2) and (3.3) we have
b13 = −b24 = −cosα2 cosα1
sinα1
, b14 = b23 =
cosα3
sinα1
, b34 = cosα2,
and
c13 = −c24 = −cosα3 cosα1
sinα1
, c14 = c23 = −cosα2
sinα1
, c34 = cosα3.
Thus we obtain (3.1) by (J2)2 = −id.
Moreover,
J2 =

0 cosα2 − cosα2 cosα1sinα1 cosα3sinα1
− cosα2 0 cosα3sinα1 cosα2 cosα1sinα1
cosα2 cosα1
sinα1
− cosα3sinα1 0 cosα2
− cosα3sinα1 − cosα2 cosα1sinα1 − cosα2 0
 , (3.4)
J3 =

0 cosα3 − cosα3 cosα1sinα1 − cosα2sinα1
− cosα3 0 − cosα2sinα1 cosα3 cosα1sinα1
cosα3 cosα1
sinα1
cosα2
sinα1
0 cosα3
cosα2
sinα1
− cosα3 cosα1sinα1 − cosα3 0
 . (3.5)
✷
In the following, we give the proof of our main theorem.
Theorem 3.4 Any weakly triholomorphic map from a compact hyperka¨hler surface to a
quartic K3 surface defined by a homogeneous polynomial of degree 4 in CP 3 has only
isolated singularities.
Proof: Let X be a quartic K3 surface defined by a homogeneous polynomial f of degree 4
in CP 3, which is characterized in section 2. Let φ : S2 → X be a smooth map satisfying
(1.2). In the following, we will prove that such smooth map φ is a constant map, which
implies that X does not admit holomorphic S2 with respect to any complex structure
in the hyperka¨hler S2. Then from Lemma 3.1, we know that any weakly (stationary)
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triholomorphic map from a compact hyperka¨hler surface to X is smooth outside a finite
set of points. Thus we will finish the proof of our main theorem.
Let z = x
1+
√−1x2
1−x3 be the local holomorphic coordinate on S
2\{(0, 0, 1)}. Then the
standard metric of constant curvature 1 on S2 is as follows.
g =
4
(1 + zz)2
dzdz.
Denote
∂ =
∂
∂z
, ∂ =
∂
∂z
.
Let φ = [(1, φ1, φ2, φ3)], then
dφ
(
∂
∂z
)
= ∂φ1
∂
∂z1
+ ∂φ2
∂
∂z2
+ ∂φ3
∂
∂z3
+ ∂φ
1 ∂
∂z1
+ ∂φ
2 ∂
∂z2
+ ∂φ
3 ∂
∂z3
= ∂φ2V1 + ∂φ
3V2 + ∂φ
2
V 1 + ∂φ
3
V 2 (3.6)
From (2.19) and (3.6), we know that (1.2) is equivalent to
√−1 (1 + a1jxj) ∂φ2 = − (a2jxj +√−1a3jxj) (τ∂φ2 − µeiθ1∂φ3)√−1 (1 + a1jxj) ∂φ3 = − (a2jxj +√−1a3jxj) (λeiθ1∂φ2 − τe2iθ1∂φ3) . (3.7)
A direct calculation shows
φ∗h =
ρS
|fz1 | (1 + a1jxj)
·
(
λ
∣∣∣∂φ2∣∣∣2 + µ ∣∣∣∂φ3∣∣∣2 − τeiθ1∂φ2∂φ3 − τe−iθ1∂φ3∂φ2) dzdz, (3.8)
which implies the corresponding volume form of the pull-back metric φ∗h is as follows.
dVφ∗h =
√−1
2
ρS
|fz1 | (1 + a1jxj)
·
(
λ
∣∣∣∂φ2∣∣∣2 + µ ∣∣∣∂φ3∣∣∣2 − τeiθ1∂φ2∂φ3 − τe−iθ1∂φ3∂φ2) dz ∧ dz. (3.9)
Let ωJp be the corresponding ka¨hler form which is compatible with the corresponding
complex structure Jp on (X,h), where p = 1, 2, 3. Then we have ωJ1 =
√−1
2 hijϕ
i∧ϕj . Let
Ω be the unique (up to a nonzero constant) holomorphic symplectic form of the quartic
K3 surface X. Then we get Ω = ωJ2 +
√−1ωJ3 . From the above section we know
Ω |V1= dz2∧dz3fz1 . Then we have
φ∗ωJ1 =
√−1
2
ρS
2 |fz1 |
(
λdφ2 ∧ dφ2 + µdφ3 ∧ dφ3 − τeiθ1dφ2 ∧ dφ3 − τe−iθ1dφ3 ∧ dφ2
)
=
√−1
2
ρS
(−a1jxj)
|fz1 | (1 + a1jxj)
·
(
λ
∣∣∣∂φ2∣∣∣2 + µ ∣∣∣∂φ3∣∣∣2 − τeiθ1∂φ2∂φ3 − τe−iθ1∂φ3∂φ2) dz ∧ dz
=
(−a1jxj) dVφ∗h, (3.10)
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and
φ∗Ω =
dφ2 ∧ dφ3
fz1
=
1
fz1
(
∂φ2∂φ3 − ∂φ3∂φ2) dz ∧ dz
= (−√−1)a2jx
j +
√−1a3jxj
|fz1 | (1 + a1jxj)
·
(
λ
∣∣∣∂φ2∣∣∣2 + µ ∣∣∣∂φ3∣∣∣2 − τeiθ1∂φ2∂φ3 − τe−iθ1∂φ3∂φ2) dz ∧ dz
= −2a2jx
j +
√−1a3jxj
ρS
dVφ∗h. (3.11)
The ka¨hler angle αp (p = 1, 2, 3) of S
2 in X was defined by Chern-Wolfson[8]
ωJp = cosαpdVφ∗h. (3.12)
It follows from (3.10) and (3.11) that
cosα1 = −a1jxj,
cosα2 = −2a2jx
j
ρS
,
cosα2 = −2a2jx
j
ρS
.
(3.13)
From (3.13) and (3.1), we get
S =
2
ρ
= constant. (3.14)
Assume ρ = 2. Then we find
S =
|fz1 |2 + |fz2 |2 + |fz3 |2
|fz1 |2
= 1, on φ(S2) ∩ V1 ⊂ U˜0 ⊂ X, (3.15)
which implies
fz2 = fz3 = 0, on φ(S
2) ∩ V1. (3.16)
Since fz1 6= 0, from (2.3) we get
z1 = constant, on φ(S
2) ∩ V1. (3.17)
Without loss of generality, assume z1 = σ (constant). Then φ(S
2) ∩ V1 is contained in a
projective curve of degree 4 in CP 2.
Let
g(1, z2, z3) = f(1, σ, z2, z3). (3.18)
Then we have
g(1, z2, z3) = 0, gz2 = fz2 = 0, gz3 = fz3 = 0, on φ(S
2) ∩ V1. (3.19)
9
Define
C =
{
[1, z2, z3] ∈ CP 2 : g(1, z2, z3) = 0
}
, (3.20)
D =
{
[1, z2, z3] ∈ CP 2 : gz2 = 0
}
, (3.21)
and
E =
{
[1, z2, z3] ∈ CP 2 : gz3 = 0
}
. (3.22)
Then C, D, E are three projective curves of degree 4, 3, 3 in CP 2 respectively. Moreover
we get
φ(S2) ∩ V1 ⊂ C ∩D ∩E. (3.23)
In the following, we prove that C ∩D ∩ E has only finite points by considering three
different cases about their common components.
Case 1: Assume C, D, E have common component. Then the corresponding polyno-
mials g(1, z2, z3), gz2 , gz3 have common nonconstant polynomial factor P . Since any
two projective curves in CP 2 intersect in at least one point, we know that the projective
curve given by P and the one given by fz1(1, σ, z2, z3) intersect in at least one point de-
noted by [1, b, c] ∈ CP 2. Then the point [1, σ, b, c] ∈ CP 3 is a singularity of the polynomial
f(1, z1, z2, z3), which contradicts to the fact that quartic K3 surface given by f(1, z1, z2, z3)
is nonsingular. So there doesn’t exist this case.
Case 2: Assume two and only two curves of C, D, E have common component. Without
loss of generality, assume C and D have common component. Then C and E have no
common component. From Lemma 3.2, we know that C and E have only finite points of
intersection. So C ∩D ∩ E has only finite points in this case.
Case 3: Assume any two curves of C, D, E have no common component. Obviously
C ∩D ∩ E has only finite points or C ∩D ∩ E = ∅ in this case.
Now, we have proven that C ∩D∩E has only finite points. It follows from (3.23) that
φ(S2)∩ V1 has only finite points. Similarly, we know that φ(S2)∩ V2 and φ(S2)∩ V3 have
only finite points respectively. Then we get that φ(S2) ⊂ X has only finite points. But φ
is smooth. Hence φ must be a constant map.
✷
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